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Abstract
We present the construction of the λ-deformation of AdS5×S
5 superstring from
the four dimensional Chern-Simons-type gauge theory. The procedure is applicable
to all the semi-symmetric coset models and generalizes the previous construction
of λ-deformation of the symmetric coset models.
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1 Introduction
The classical integrable systems can be described in the Lax formalism. Therefore in
some sense classifying the classical integrable systems is equivalent to classifying Lax
connections. For classical Hamiltonian systems there does exist a general procedure,
due to Zakharov and Shabat, to construct integrable systems from the Lax pairs [1].
In this so-called Zakharov-Shabat construction, the Lax pairs are characterized by their
analytic properties and the underlying semi-simple Lie algebras1. There is also a field
theory analogue of Zakharov-Shabat construction [3] by extending the semi-simple Lie
algebra to an infinite dimensional algebra such as the central-extended loop algebra or
affine Kac-Moody algebra. But this construction has not been carefully considered or
fully explored. The recently developed affine Gaudin model approach is closest to such
a construction [4]. The affine Gaudin model is in the Hamiltonian formulation while
sometimes it is more convenient to describe classical field theories in the Lagrangian
formulation.
In the past few years, a new approach to study integrable models from the point of
view of four dimensional Chern-Simons-type (4D CS) gauge theory [5] has been developed
in a series of papers [6, 7, 8]. In particular, Costello and Yamazaki [8] proposed a
Lagrangian approach to construct two dimensional integrable field theories (2D IFTs)
from a 4D CS gauge theory with a meromorphic one-form ω. It turns out that the 4D
approach is closely related to the affine Gaudin model approach [9]. From the 4D CS
1For details, see the classic book [2].
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point of view, the resulted 2D IFTs are completely characterized by the choice of the one-
form ω and the boundary conditions of the gauge fields. The construction has shown its
power by covering a wide variety of 2D IFTs, including principle chiral models (PCM),
Wess-Zumino-Witten models, sigma models whose target space are symmetric cosets,
the superstring on AdS5× S
5, etc.[8]. It was conjectured that the all known 2D IFTs
could arise from such a construction. Following the work in [8], many interesting 2D IFTs
with deformations, including the Yang-Baxter deformation [10, 11, 12] and λ-deformation
[13, 14], have been realized in this approach [15, 16, 17, 18, 19, 20, 21].
In this paper our goal is to realize the λ-deformation of the AdS5 × S
5 superstring
or other semi-symmetric coset models2. The strategy comes from the observations that
in the 4D approach the λ-deformation can be performed by splitting the double poles
of the one-form ω into a pair of simple poles, and the symmetric coset models can be
constructed by introducing the covering space [8, 15].
The paper has the following organization. In section 2 we briefly describe the 4D
CS approach. In section 3 and section 4 we show the constructions of λ-deformation
of Principle Chiral Model (PCM) and AdS5 × S5 superstring which are two main in-
gredients of our following construction. The section 5 is devoted to the derivation of
the λ-deformation of AdS5 × S5 superstring in the pure spinor formulation and in the
Appendix, we give the construction in Green-Schwarz formulation.
2 2D IFTs from 4D CS
In this section we briefly describe how to derive 2D integrable sigma models from 4D
Chern-Simons-type gauge theory. We begin with the action of the 4D Chern-Simons-type
gauge theory 3
S[A] =
i
4π
∫
R2×CP1
ω ∧ CS(A), (2.1)
where
A = Aσdσ + Aτdτ + Az¯dz¯, ω = ω(z)dz, (2.2)
CS(A) = 〈A, dA+
2
3
A ∧ A〉. (2.3)
2The homogeneous Yang-Baxter deformation of AdS5 × S
5 superstring was considered in [20].
3Here we follow the convention in [16].
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Here ω(z) is a meromorphic function on CP1 and it can be identified with the twist
function which also plays the crucial role in the construction of integrable field theories
from the affine Gaudin model approach [4]. Varying the action (2.1) with respect to the
gauge field A gives the bulk equation of motion
ω ∧ F (A) = 0, F (A) = dA+ A ∧A = 0, (2.4)
and the boundary equation of motion
dω ∧ 〈A, δA〉 = 0. (2.5)
The bulk equation of motion is just the flatness condition of the gauge field. To study
the boundary equation of motion it is useful to rewrite (2.5) in terms of the coordinates:
∑
x∈p
∑
p≥0
(Resx ξ
p
xω)ǫij
1
p!
∂pξx〈Ai, δAj〉|x = 0, (2.6)
where p is the set of poles of the one-form ω, ξx is a local holomorphic coordinate around
x ∈ p and i, j = σ, τ are the coordinates of R2. In our construction we will only encounter
ω with simple poles and double poles. For the double poles we always choose the Dirichlet
boundary condition, i.e.
A = δA = 0. (2.7)
Considering only the simple poles, the boundary equation of motion (2.5) simplifies to
∑
x∈p
(Resxω)ǫij〈Ai, δAj〉|x = 0. (2.8)
The zeros of ω constrain the gauge fields as well. To have a non-degenerate propagator
the gauge fields must have the poles at the positions of the zeros of ω. This could be
induced by introducing some defect operators4 inserted at those positions. Then the 2D
IFT is totally determined by the boundary conditions and the defect operators.
The Lax connection of the 2D IFT is directly related to the 4D gauge field through
a gauge transformation
A = −dgˆgˆ−1 + gˆLgˆ−1, (2.9)
4These are called the disorder defects in [8].
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for some regular gˆ : R2 × CP1 → G such that Lz¯ = 0. In terms of the Lax connection
the bulk equation of motion (2.4) reads 5
[∂+ + L+, ∂− + L−] = 0, ω ∧ ∂z¯L(z, τ, σ) = 0. (2.10)
The second identity implies that the positions of the poles of L coincide with the positions
of the zeros of ω. When the 4D field gˆ satisfies the archipelago conditions introduced in
[16] we can localize the four dimensional field to a two dimensional field gx such that the
4D action (2.1) is reduced to a 2D action [16]
S[{gx}x∈p] =
1
2
∑
x∈p
∫
R2
〈Resxω ∧ L, g
−1
x dgx〉 −
1
2
∑
x∈p
(Resxω)IWZ[gx]. (2.11)
This resulted 2D theory has two kinds of gauge redundancies. Firstly there is always
an overall gauge transformation gx → gxh, h ∈ G which reflects the redundancy in the
definition of gx in terms of A. Secondly if the gauge field A at x ∈ p does not vanish but
takes values in some algebra h whose corresponding group is H then we can perform a
gauge transformation gx → uxgx, ux ∈ H .
To conclude this section, let us summarize the general procedures to construct a 2D
IFT:
1. Choose a meromorphic one-form ω = ω(z)dz.
2. Specify the boundary conditions at the positions of the poles of ω.
3. Remove the gauge redundancies 6 in gx, x ∈ p.
4. Make an ansatz of the Lax connection with the poles at the positions of the zeros
of ω.
5. Solve the Lax connection by substituting (2.9) into the boundary conditions.
6. Substitute the Lax connection into (2.11) to get the action of the 2D IFT.
3 λ-deformation of PCM
The prototypical example is the construction of the principle chiral model (PCM) [16].
The corresponding one-form has two double poles and two simple zeros. To construct
5The light-cone coordinates are defined as σ± =
1
2
(τ ± iσ).
6One can also choose to remove the gauge redundancies in the end.
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the λ-deformed PCM, one can split one double pole into two simple poles. As a result
the one-form can be chosen to be [16]
ω =
1
1− η2
1− z2
z2 − η2
dz. (3.1)
The boundary condition (2.8) which needs to be satisfied is
1
2η
ǫij(〈Ai, δAj〉|η − 〈Ai, δAj〉|−η) = 0. (3.2)
The solution which leads to the λ-deformation is requiring (A|η, A|−η) ∈ g
δ to take values
in a Lagrangian subalgebra of g⊕ g ≡ d as7
gδ = {(x, x)|x ∈ g} (gδ, d) is a Manin pair. (3.3)
In other words, we will identify the gauge fields at the two boundaries z = ±η. Since
z = ∞ is a double pole, we will use the Dirichlet boundary condition. To remove the
gauge redundancy we first use the overall gauge symmetry to set g∞ = I then use the
local gauge symmetry H = {(h, h)|h ∈ G} to fix (gη, g−η) = (g, 1). Because the one-form
(3.1) has zeros at ±1 and the gauge field vanishes at z = ∞ so the ansatz of the Lax
connection can be
L+ =
V+
z − 1
, L− =
V−
z + 1
, (3.4)
where V± are regular functions. Rewriting the gauge fields in terms of the Lax connection
through (2.9) and substituting into the boundary condition give a set of equations of V±.
The solution is
V+ = (η − 1)(Adg +
η − 1
η + 1
)−1Adg j+, (3.5)
V− = (η + 1)(Adg +
η + 1
η − 1
)−1Adg j−, (3.6)
where Adg x = gxg
−1 is the adjoint conjugation. Introducing the parameters λ and k as
λ =
1 + η
1− η
, k = −1/(4η), (3.7)
7Actually we have an Manin triple
(
d, gR, g
δ
)
for some solutions R of modified classical Yang-Baxter
equation and gR := {((R− 1)x, (R+ 1)x|x ∈ g}. The other Manin pair (gR, d) will lead to Yang-Baxter
model [16].
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and substituting the Lax connection into (2.11) leads to the action of λ–deformed PCM
[13]
S[g] = k
∫
dσ+ ∧ dσ−
[
〈j+, j−〉+ 2〈(λ
−1 − Adg)
−1Adg j+, j−〉
]
+ kIWZ(g). (3.8)
To conclude this section, let us make some comments about the construction.
• In (3.7) it seems that λ and k are related to each other, however we have freedom
to put a prefactor in the one-form such that these parameters become independent.
• In the ansatz of the Lax connection (3.4), we intentionally distribute the two poles
into the two components of the Lax connection to avoid the appearance of the
double poles in the flatness condition. In principle the most general ansatz should
be
L± =
V ±1
z − 1
+
V ±−1
z + 1
. (3.9)
• Because we have assumed the algebra g to be real in the beginning so the resulted
2D IFT is real. Otherwise one has to consider additional reality conditions [16].
• To get a non-trivial 2D IFT, the one-form must at least have two poles, otherwise
one can always use the overall gauge symmetry to trivialize the field g = I.
• To construct the symmetric coset model, one can start with the PCM and mod-
ulo a Z2 discrete symmetry. This quotient will not identify the fields at the two
boundaries instead the quotient relates the two fields through a Z2 involution as
g2 = ρ(g1), ρ
2 = 1. To construct the λ deformation of the coset model, one can
split both of the double poles into two pairs of simple poles and apply the boundary
condition (3.3) [15].
• One 2D IFT can be constructed from different set-ups of the 4D CS theory. For ex-
ample, the (Yang-Baxter deformation or λ-deformation of) symmetric coset model
has been obtained in [19] and in [15] with different settings.
4 The AdS5 × S
5 superstring
Let us start with the undeformed theory. In the original paper [8], the AdS5 × S
5 su-
perstring was constructed as a special example of the generalized Riemannian symmetric
7
spaces. Recently it was constructed from a different setting of the 4D CS theory [20].
Interestingly the authors of [20] found that by choosing different boundary conditions the
same one-form can lead to either the AdS5×S
5 superstring or homogeneous Yang-Baxter
deformation of the superstring. To construct the λ-deformation of the superstring, we
find that starting with original setting in [8] is more convenient.
The semi-symmetric coset space AdS5 × S
5 is associated with a Z4 graded algebra
psu(2, 2|4) = g = g(0) ⊕ g(1) ⊕ g(2) ⊕ g(3). The construction is also suitable for other
semi-symmetric coset spaces with Z4 grading, for example AdS3 × S
3. There exists
an automorphism ρ of order 4 for the lie algebra g. Starting with a Riemann surface
equipped with a holomorphic 1-form dz, we introduce a cut of degree 4 at [0, 1] and when
the gauge fields cross this cut we apply the automorphism ρ. Then we go to the 4-fold
covering space of the z–plane by introducing the new coordinate u through
z = −
1
u4 − 1
. (4.1)
In the 4-fold covering space, the one-form dz pulls back to8
ω =
4u3du
(u4 − 1)2
, (4.2)
it has four double poles at
p = {±1,±i} (4.3)
and two triple zeros at
z = {0,∞}. (4.4)
At the double poles we again take the Dirichlet boundary conditions (2.7). It was already
pointed out in [8] that there is a subtlety about the formulation of superstring coset
model. In the Green-Schwarz formulation [22], the kinetic term of the coset Lagrangian
is degenerate on the fermionic fields but the degeneracy can be resolved by introducing the
κ-symmetry. So in order to construct the integrable superstring theory in this formulation
from the 4D perspective, the 4D CS theory has to be modified to incorporate the κ–
symmetry. This modified 4D CS theory was recently proposed in [21]. To avoid this
subtlety we will use the pure spinor formulation [23] following the convention in [8]. In
other words, we want to construct an integrable supercoset model whose kinetic term
8This is also the one-form considered in [20].
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is non-degenerate. It turns out that the corresponding Lax connection coincides with
pure-spinor Lax connection [24]. Since ω has zeros of order 3, in our ansatz of the Lax
connection there should be the poles at the positions of the zeros with orders up to three:
L+ = V
0
+ + V
1
+u
−3 + V 2+u
−2 + V 3+u
−1,
L− = V
0
− + V
1
−u
1 + V 2−u
2 + V 3−u
3. (4.5)
Let us first take the field contents at the four boundaries to be
gˆ|z=1 = g1, gˆ|z=i = g2, gˆ|z=−1 = g3, gˆ|z=−i = g4. (4.6)
Considering that ±i and ±1 have the same preimage, we can set them to be connected
by the Z4 automorphsim ρ as
g2 = ρ(g1), g3 = ρ
2(g1), g4 = ρ
3(g1), ρ
4 = 1, (4.7)
which remove the overall gauge redundancy [15]. Because of the Dirichlet boundary con-
ditions, all gauge field A vanish at the boundaries so there is no local gauge redundancy
to remove. Substituting the (4.5) and (4.6) into boundary equations gives
j1,± = V
0
± + V
1
± + V
2
± + V
3
±, j2,± = V
0
± + iV
1
± − V
2
± − iV
3
±,
j3,± = V
0
± − V
1
± + V
2
± − V
3
±, j4,± = V
0
± − iV
1
± − V
2
± + iV
3
±, (4.8)
where we have defined the left-invariant currents
ji,± = g
−1
i ∂±gi. (4.9)
These equations can be solved by
V 0± =
j1,± + j2,± + j3,± + j4,±
4
, V 1± =
j1,± − ij2,± − j3,± + ij4,±
4
,
V 2± =
j1,± − j2,± + j3,± − j4,±
4
, V 3± =
j1,± + ij2,± − j3,± − ij4,±
4
. (4.10)
Evaluating the residues at the positions of the poles gives
Res1(ω(u)L±) =
1
8
(∓3j1,± + (i± 1)j2,± ± j3,± − (i∓ 1)j4,±) , (4.11)
Resi(ω(u)L±) =
1
8
(∓3j2,± + (i± 1)j3,± ± j4,± − (i∓ 1)j1,±) ,
Res−1(ω(u)L±) =
1
8
(∓3j3,± + (i± 1)j4,± ± j1,± − (i∓ 1)j2,±) ,
Res−i(ω(u)L±) =
1
8
(∓3j4,± + (i± 1)j1,± ± j2,± − (i∓ 1)j3,±) .
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To proceed, let us consider the Z4 automorphism on the Z4 graded algebra
ρs(g(l)) = islgl, l ∈ {0, 1, 2, 3}. (4.12)
The Z4 transformation (4.7) induces a transformation on the left-invariant currents as
jk = ρ
k−1(j1), k ∈ {1, 2, 3, 4}. (4.13)
If we decompose the left-invariant currents into four components according to the Z4-
grading as
jk = j
(0)
k + j
(1)
k + j
(2)
k + j
(3)
k , (4.14)
then the Z4 transformation (4.13) implies
j1 ≡ j
(0) + j(1) + j(2) + j(3), (4.15)
j2 = j
(0) + ij(1) − j(2) − ij(3),
j3 = j
(0) − j(1) + j(2) − j(3),
j4 = j
(0) − ij(1) − j(2) + ij(3).
Substituting (4.15) and (4.11) into the expression of the 2D action, we end up with
S[g] =
∫
Str(3j
(3)
+ j
(1)
− + 2j
(2)
+ j
(2)
− + j
(1)
+ j
(3)
− )dσ+ ∧ dσ−, (4.16)
which coincides with the action of AdS5 × S
5 superstring in the pure spinor formulation
[23].
5 λ-deformation of AdS5 × S
5 superstring
The λ-deformation of AdS5 × S
5 superstring has been proposed in the Green-Schwarz
formulation [25] and in the pure spinor formulation [26], respectively. In this section
we will use the 4D CS theory to derive it in the pure spinor formulation and put the
derivation in Green-Schwarz formulation in the Appendix. We start by splitting the four
double poles in (4.2) into four pairs of simple poles so the one-form can be
ω =
u3
[(u− 1)2 − α2][(u− i)2 + α2][(u+ i)2 + α2][(u+ 1)2 − α2]
du, (5.1)
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with eight simple poles
p = {1± α, i(1± α),−(1± α),−i(1± α)} (5.2)
and two triple zeros
z = {0,∞}. (5.3)
It is straightforward to get
Res1+α ω = Resi(1+α) ω = Res−(1+α) ω = Res−i(1+α) ω ≡ K,
Res1−α ω = Resi(1−α) ω = Res−(1−α) ω = Res−i(1−α) ω ≡ −K. (5.4)
As we discussed before, the boundary conditions should be taken to be
A|1+α = A|1−α, A|i(1+α) = A|i(1−α),
A|−(1+α) = A|−(1−α), A|−i(1+α) = A|−i(1−α). (5.5)
In other words we require at each pair of the simple poles the gauge fields to take values
in the Lagrangian subalgebra (3.3). Following the argument after (3.3) we can using the
local gauge symmetry to set the fields at the boundaries to be
gˆ|(1+α) = g1, gˆ|i(1+α) = g2, gˆ|−(1+α) = g3, gˆ|−i(1+α) = g4 (5.6)
gˆ|(1−α) = gˆ|i(1−α) = gˆ|−(1−α) = gˆ|−i(1−α) = 1, (5.7)
which through (2.9) lead to
A|(1+α) = −dg1g
−1
1 +Adg1 L|(1+α), A|i(1+α) = −dg2g
−1
2 +Adg2 L|i(1+α), (5.8)
A|−(1+α) = −dg3g
−1
3 +Adg3 L|−(1+α), A|−i(1+α) = −dg4g
−1
4 +Adg4 L|−i(1+α), (5.9)
A|(1−α) = L|(1−α), A|i(1−α) = L|i(1−α), (5.10)
A|−(1−α) = L|−(1−α), A|−i(1−α) = L|−i(1−α). (5.11)
Though we can use the same ansatz (4.5) for the Lax connection, it is more convenient
to use the following ansatz9
L+(u) = U+0 +
u
1 + α
U+1 +
u2
(1 + α)2
U+2 +
u3
(1 + α)3
U+3, (5.12)
L−(u) =
(1 + α)3
u3
U−3 +
(1 + α)2
u2
U−2 +
1 + α
u
U−1 + U−0, (5.13)
9Note that if we take the orders of the poles in the ansatz to be at most two, we will get the AdS5×S
5
model in the Green-Schwarz formulation instead of the pure spinor formulation, so as its λ-deformation,
whose kinematic term is non-degenerate.
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where U±0,±1,±2,±3 are regular and take value in g = psu(2, 2|4). Rewriting the gauge
fields in terms of the Lax connection through (2.9) and substituting into the boundary
condition give a set of equations
−∂±g1g
−1
1 +Adg1
3∑
k=0
U±k =
3∑
k=0
λ±kU±k, (5.14)
−∂±g2g
−1
2 +Adg2
3∑
k=0
i±kU±i =
3∑
k=0
(iλ)±kU±k, (5.15)
−∂±g3g
−1
3 +Adg3
3∑
k=0
(−1)±kU±i =
3∑
k=0
(−λ)±kU±k, (5.16)
−∂±g4g
−1
4 +Adg4
3∑
k=0
(−i)±kU±i =
3∑
k=0
(−iλ)±kU±k, (5.17)
which are equivalent to
j1,± =
3∑
k=0
(1− λ±k Ad−1g1 )U±k, j2,± =
3∑
k=0
i±k(1− λ±k Ad−1g2 )U±k, (5.18)
j3,± =
3∑
k=0
(−1)±k(1− λ±k Ad−1g3 )U±k, j4,± =
3∑
k=0
(−i)±k(1− λ±k Ad−1g4 )U±k.
Here we have defined jk ≡ g
−1
k dgk, and the parameter λ = (1− α)/(1 + α).
To proceed, we need to impose Z4 symmetry (4.7) and (4.13), and then we have the
decomposition of the currents (4.14) and (4.15). Let us parametrize a group field g as
g = exp

 3∑
k=0
dim(g(k))∑
ik=1
θ
(k)
ik
T
(k)
ik

 , (5.19)
then the Z4 action on the field g is explicitly given by
ρ(g) = exp

 3∑
k=0
dim(g(k))∑
ik=1
θ
(k)
ik
ρ(T
(k)
ik
)

 = exp

 3∑
k=0
dim(g(k))∑
ik=1
ikθ
(k)
ik
T
(k)
ik

 , (5.20)
where T
(k)
ik
are the generators of the subalgebra g(k). Using (4.7) (5.19) and (4.12) and
following [20, 15] one can derive the following identity
P (m) ◦ Ad−1gk =
3∑
r=0
i(m−r)(k−1)P (m) ◦ Ad−1g1 ◦ P
(r), (5.21)
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where P (m) denote projection operator onto the subalgebra g(m). For convenience, we
define
Ad−1(p)g :=
1
4
(
Ad−1g1 +i
pAd−1g2 +i
2pAd−1g3 +i
3pAd−1g3
)
, (5.22)
which implies
P (m) ◦Ad−1(p)g = P
(m) ◦ Ad−1g1 ◦P
(r), (5.23)
where r = p +mmod4 and r ∈ {0, 1, 2, 3}. Substituting (4.15) into the (5.18) we find
the following rewriting of (5.18)
(1−Ad−1(0)g )U+0 − λAd
−1(1)
g U+1 − λ
2Ad−1(2)g U+2 − λ
3Ad−1(3)g U+3 = j
(0)
+ ,
−Ad−1(3)g U+0 + (1− λAd
−1(0)
g )U+1 − λ
2Ad−1(1)g U+2 − λ
3Ad−1(2)g U+3 = j
(1)
+ ,
−Ad−1(2)g U+0 − λAd
−1(3)
g U+1 + (1− λ
2Ad−1(0)g )U+2 − λ
3Ad−1(1)g U+3 = j
(2)
+ ,
−Ad−1(1)g U+0 − λAd
−1(2)
g U+1 − λ
2Ad−1(3)g U+2 + (1− λ
3Ad−1(0)g )U+1 = j
(3)
+ ,
−λ−3Ad−1(1)g U−3 − λ
−2Ad−1(2)g U−2 − λ
−1Ad−1(3)g U−1 + (1−Ad
−1(0)
g )U−0 = j
(0)
− ,
(1− λ−3Ad−1(0)g )U−3 − λ
−2Ad−1(1)g U−2 − λ
−1Ad−1(2)g U−1 −Ad
−1(3)
g U−0 = j
(1)
− ,
−λ−3Ad−1(3)g U−3 + (1− λ
−2Ad−1(0)g )U−2 − λ
−1Ad−1(1)g U−1 −Ad
−1(2)
g U−0 = j
(2)
− ,
−λ−3Ad−1(2)g U−3 − λ
−2Ad−1(3)g U−2 + (1− λ
−1Ad−1(0)g )U−1 −Ad
−1(1)
g U−0 = j
(3)
− .
(5.24)
After this rewriting it is easy to see that the equations (5.18) can be solved by
U+ =
1
1− Ad−1g1 ◦Ω+
j+, Ω+ = P
(0) + λP (1) + λ2P (2) + λ3P (3), (5.25)
U− =
1
1− Ad−1g1 ◦Ω−
j−, Ω− = P
(0) + λ−3P (1) + λ−2P (2) + λ−1P (3), (5.26)
with
U+0 = P
(0)U+ U+1 = P
(1)U+ U+2 = P
(2)U+ U+3 = P
(3)U+, (5.27)
U−0 = P
(0)U− U−3 = P
(1)U− U−2 = P
(2)U− U−1 = P
(3)U−. (5.28)
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In the end substituting the Lax connection into the (2.11) we obtain the 2D action10
S =
K
2
∫ 4∑
k=1
[
Str(ρk−1U+, jk,−)− Str(ρ
k−1U−, jk,+)
]
dσ+ ∧ dσ−
=
K
2
∫
[Str(U+, j−)− Str(U−, j,+)]dσ+ ∧ dσ−
=
K
2
∫
[Str(j+, j−)− 2 Str(j+,
1
1− Ad−1g1 ◦Ω−
j−)]dσ+ ∧ dσ−, (5.29)
where we have used (ρk)† = ρ4−k and ΩT+Ω− = 1 with
ΩT+ = P
(0) + λ3P (1) + λ2P (2) + λP (3). (5.30)
This action coincides with the one in [26] up to a prefactor, if we ignore the terms involved
with the auxiliary fields.
6 Discussion
In this paper, we have successfully constructed the λ-deformation of the AdS5 × S
5
superstring from the 4D CS theory. The same analysis is applicable for other superstring
theories with Z4-grading superalgebra [27]. It is known that the λ-deformation is Poisson-
Lie-T-dual to the η-deformation [28, 29]. With the same one-form (5.1) but choosing
the other Mannin pair (gR, d) as boundary conditions one should be able to derive η-
deformation of the AdS5 × S
5 superstring.
From the construction we realize that the discrete symmetry plays a crucial role.
By orbifolding the Riemann surface we can add several copies of 2D IFTs which are
related by discrete symmetry transformations. This supplies the complement of the
gluing process [8] for constructing new IFTs. One example is the Yang-Baxter model
in the trigonometric description [19]. We expect that the asymmetric λ-deformation
[30] , the anisotropic λ-deformation [31] and the generalized λ-deformation [32] can be
constructed in this fashion. It may also be helpful to understand how to realize the
sine-Gordon model. The sine-Gordon model can be reproduced from the affine Gaudin
model by considering the Coxeter automorphism [4]. Since the Gaudin model approach
and the 4D CS theory approach are closely related [9], hence it would be interesting to
figure out how the Coxeter automorphism is implemented in the 4D CS theory.
10Here we have ignored the topological term.
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Appendix: the Green Schwarz formulation
In our discussion in the pure spinor formulation, we chose the ansatz (5.12)(5.13) so that
the highest order of the poles of the ansatz is equal to the order of the zeros of the one-
form ω. If we disregard the degeneracy of the 4D action we can construct the AdS5×S
5
superstring in the Green Schwarz formulation. To do that we simply replace the ansatz
(4.5) with
L+(u) =
(1 + α)2
u2
V−2,+ +
1 + α
u
V−1,+ + V0,+ +
u
1 + α
V1,+, (A.1)
L−(u) =
1 + α
u
V−1,− + V0,− +
u
1 + α
V1,− +
u2
(1 + α)2
V2,−. (A.2)
Then the counterpart of (5.24) is
−λ2Ad−1(2)g V−2,+ − λAd
−1(3)
g V−1,+ + (1−Ad
−1(0)
g )V0,+ −
1
λ
Ad−1(1)g V1,+ =j
(0)
+ ,
−λ2Ad−1(1)g V−2,+ − λAd
−1(2)
g V−1,+ −Ad
−1(3)
g V0,+ + (1−
1
λ
Ad−1(0)g )V1,+ =j
(1)
+ ,
(1− λ2Ad−1(0)g )V−2,+ − λAd
−1(1)
g V−1,+ −Ad
−1(2)
g V0,+ −
1
λ
Ad−1(3)g V1,+ =j
(2)
+ ,
−λ2Ad−1(3)g V−2,+ + (1− λAd
−1(0)
g )V−1,+ −Ad
−1(1)
g V0,+ −
1
λ
Ad−1(2)g V1,+ =j
(3)
+ ,
−λAd−1(3)g V−1,− + (1−Ad
−1(0)
g )V0,− −
1
λ
Ad−1(1)g V1,− −
1
λ2
Ad−1(2)g V2,− =j
(0)
− ,
−λAd−1(2)g V−1,− −Ad
−1(3)
g V0,− + (1−
1
λ
Ad−1(0)g )V1,− −
1
λ2
Ad−1(1)g V2,− =j
(1)
− ,
−λAd−1(1)g V−1,− −Ad
−1(2)
g V0,− −
1
λ
Ad−1(3)g V1,− + (1−
1
λ2
Ad−1(0)g )V2,− =j
(2)
− ,
(1− λAd−1(0)g )V−1,− −Ad
−1(1)
g V0,− −
1
λ
Ad−1(2)g V1,− −
1
λ2
Ad−1(3)g V2,− =j
(3)
− . (A.3)
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Using (5.23), these equations can be solved to be
V+ =
1
1− Ad−1g1 ◦Ω˜+
j+, Ω˜+ = P
(0) + λ−1P (1) + λ2P (2) + λP (3), (A.4)
V− =
1
1− Ad−1g1 ◦Ω˜−
j−, Ω˜− = P
(0) + λ−1P (1) + λ−2P (2) + λP (3), (A.5)
which also satisfy Ω˜T+Ω˜− = Ω˜
T
−Ω˜+ = 1. To be more explicit, we have
V0,+ = P
(0)V+ V1,+ = P
(1)V+ V−2,+ = P
(2)V+ V−1,+ = P
(3)V+, (A.6)
V0,− = P
(0)V− V1,− = P
(1)V− V2,− = P
(2)V− V−1,− = P
(3)V−. (A.7)
Substituting into (2.11), the kinetic term of effective action in the Green Schwarz formu-
lation is given by
Skin ∝
∫
{〈V+, j−〉 − 〈V−, j+〉}
∝
∫ {〈
1
1−Ad−1g1 ◦Ω˜+
j+, j−
〉
−
〈
j+,
1
1−Ad−1g1 ◦Ω˜−
j−
〉}
∝
∫ {
〈j+, j−〉 − 2
〈
j+,
1
1− Ad−1g1 ◦Ω˜−
j−
〉}
. (A.8)
It is same as the results in previous literature [25] up to a prefactor.
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